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ABSTRACT The small-angle X-ray scatterings for semidilute solutions of poly(viny1 hydrogen sulfate) (PVSH) 
and its Li+, Na+, and K+ metallic salts in the absence of added salts are analyzed in terms of an electron density 
distance distribution. Two peaks in regard to intra- and intersegmental correlation are observed in the distance 
distribution function that has been obtained by inverse Fourier transform of small-angle X-ray scattering 
intensity. The intrasegmental correlation increases in intensity with the number of electrons of the counterion. 
This directly evidences the condensation of counterions on the polyion. In relation to intersegmental correlation 
only a single peak is detected, the correlation distances are 88-101 A for PVSH and its salts in a concentration 
of 0.2 monomer mol/L. No longer correlation peaks are observed. This suggests that only the nearest-neighbor 
intersegmental correlation exists in the semidilute solution. The maximum position of the intersegmental 
correlation somewhat depends on the kind of counterion. This may be explained by inhomogeneous counterion 
condensation on the polyion. 

1. Introduction 
The structure of semidilute polyelectrolyte solutions is 

one of the recent active problems. Scattering experiments 
using small-angle fieutrons or X-rays provide useful in- 
formation on this problem and several studies have been 
carried in which it was shown that the small-angle 
scattering gives a single broad peak. The peak may be 
interpreted in terms of correlation holes which are caused 
by the Coulombic repulsion between polyions. From this 
point of view, de Gennes et al.4 introduced a scaling theory 
and, thereafter, Odijk5 improved this theory to formulate 
possible scaling relations extensively.6.16 These scaling 
relations, in the absence of salts, predict characteristic 
features of the scattering curves S(q), where q is the 
magnitude of the scattering vector, namely, (i) that the 
concentration dependence of the maximum position q m  
varies as qm c ' / ~ ,  (ii) that S(q) varies linearly with q for 
q < qm, and (iii) that S(q) - q-' for q >> qm. These rela- 
tions have been confirmed for individual q ranges by 
neutron scattering e~periments.~ We have also confirmed 
the last two relations using X-ray scattering in the present 
study. However, we do not discuss the scaling relations 
in detail but use them only to remove the effect of inter- 
particle interferences roughly and to estimate more correct 
cross-sectional sizes of polyions. 

In this work we have studied salt-free semidilute po- 
lyelectrolyte solutions from different points of view. In 
spite of recent rep~r ts ' -~~ ' .~  favoring the isotropic model 
proposed by de Gennes et a1.,4 the diffraction peak 
sometimes tempts one to consider a lattice model?JO in 
which extended polyion sections are arranged parallel. 
Therefore, we believe it is desirable to show clearly that 
no lattice regions exist in the solution. Distance distri- 
bution analysis" is one of the best methods for this pur- 
pose. For the isotropic model, the distance distribution 
function will show a sufficiently strong nearest-neighbor 
correlation peak, compared with second or higher neighbor 
one. On the other hand, the lattice model will give several 
strong correlation peaks at distances corresponding to near 
integral multiples of a lattice translation. 

In addition t o  this point, the analysis is also useful to 
examine the counterion localization around polyions since 
intra- and intersegmental correlations are roughly separ- 
able when deep correlation holes exist in the system. The 
problem of ion binding has been studied in a number of 
papers, which are classified into two different approaches. 
One approach is based on the Poisson-Boltzmann equa- 
tion12J3 and the other based on the condensation theory 
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by Oosawa14 and Manning.15 Although these two ap- 
proaches are involved in a controversy,16 they afford es- 
sentially the same result for polyelectrolytes with high 
charge density as in the present study, where a part of the 
counterions are strongly bound on polyi~ns. '~J~ The effect 
of dielectric saturation on the counterion concentration 
around the polyion was also examined by Troll and Zimm19 
and it was found that it is negligibly small. In this work, 
we show from intrasegmental correlations and the cross- 
sectional area of polyion that a considerable amount of 
counterions is strongly bound on polyions. 

2. Experimental Section 
2.1. Samples. The commercially available potassium salt of 

poly(viny1 hydrogen sulfate) [-CH,CH(OSO,H)-], with an average 
degree of polymerization p = 1500 and a degree of esterification 
a = 96.1% was purified by deionization using anion- and cat- 
ion-exchange resins (Amberlite IRl2OB and IRA400, respectively). 
The resulting poly(viny1 hydrogen sulfate) (PVSH) was completely 
neutralized with various alkalis such as LiOH, NaOH, and KOH 
by coulometric titration and then lyophilized. The concentration 
of the polyelectrolyte aqueous solutions used for the scattering 
measurements was 0.2 monomer mol/L in all cases. In the case 
of solutions of metallic salts no hydrolysis occurred even after 
2 months, which was checked by precipitating free sulfuric groups 
with barium ions. On the other hand, the acid form of the po- 
lyelectrolyte was easily hydrolyzed. Accordingly, scattering 
measurements were carried out immediately after preparation 
of the solution. 

22. Small-Angle X-ray Scattering (SAXS) Measurements. 
SAXS intensities were measured by using a block camera,*O a 
Kratky compact camera (Anton Paar K. G. KCEC) with a pro- 
portional counter. Ni-filtered and pulse-height-analyzed Cu Ka 
radiation generated at  40 kV and 45 mA was used. In order to 
avoid fluctuation of the source intensity the temperature of cooling 
water (deionized) for the X-ray tube target was controlled to be 
19 A 0.2 "C, and the room temperature was kept within 20 * 0.5 
"C. The resulting sowce intensity was held constant within 0.3%. 
The sample-to-detector distance was 200 mm, and the widths of 
incoming and receiving line slits were chosen as 100 and 250 pm, 
respectively. A fixed-time counting technique was employed; the 
intensity was counted for lo00 s at  each scattering position. The 
width of the scanning step was changed to 100,200,500, and lo00 
pm corresponding to four scattering ranges. The observed in- 
tensity from solutions was corrected for sample absorption?l and 
then the scattering intensity of water was subtracted. The cor- 
rection for the length and width of the beam was made by using 
a new method developed by the present authors,22 in which the 
curve is fitted with three-order B-spline functions smeared by 
the slit geometry and the accuracy of fitting is judged by AIC 
(Akaike's information ~riterion). ,~ Thus the observed curve is 
desmeared unequivocally. The scattering curves desmeared by 
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this new method essentially agree with those by Glatter's method% 
but are somewhat different in the low q range. 

2.3. Distance Distribution Analysis. The correlation ob- 
tained by the inverse Fourier transform of scattering intensity 
is the average of the product of two electron density fluctuations 
a t  a distance r. The correlation function is therefore defined as 

y(r) = ( d ? M 7 2 ) )  (1) 
where r = ITl - ?21 and ~ ( 7 )  = p ( 7 )  - p ,  p ( 7 )  being the electron density 
at  ?, and p the average in the whole system. Further, the distance 
distribution function defined as 

P(r) = 4xr2y(r) (2) 

is proportional to the number of pairs of difference electrons 
separated by the distance r. 

The function P(r) is given by Fourier inversion of the scattering 
intensity i (q )  

Macromolecules, Vol. 17, No. 9, 1984 

P(r) = ? S - r q i ( q )  sin (rq) dq 
a 0  

(3) 

where q = 443in @ / A ,  28 is the scattering angle, and A the X-ray 
wavelength. The scattering intensity i(q) is experimentally ob- 
tained from the relation 

(4) 
where Z,(q) and Zo(q) designate scattering intensities of the po- 
lyelectrolyte solution and pure water, respectively. In the present 
experiments, i ( q )  was observed over the range 0.02 < q < 0.45 
kl, corresponding to 300-14 8, in distance, and the intensities 
a t  the lower and upper limits of q were not zero. To calculate 
P(r) from the observed scattering intensity i ( q )  using eq 3, it is 
necessary to extrapolate the observed i(q) from q = 0 to q = m. 

The extrapolation q - 0 is not very difficult and it hardly affects 
calculated results in a distance range 0-300 A, independently of 
different extrapolations. However, the reasonable extrapolation 
q - m is problematic since generally we do not know the true 
shapes of scattering curves over a wide q range. To avoid such 
a difficulty, a damping factor is usually employed because it is 
well-known that the damping factor is an artificial temperature 
factor and does not affect peak positions in the distance distri- 
bution function, although peak intensities are somewhat reduced. 
Thus, for the present calculations of P(r) the modified intensity 
was used instead of i(q) 

i '(q) = i (q)  exp(-Dq2) (5) 

where D is the damping coefficient. To remove the truncation 
effect, D had to be taken as 20.0 A2, but it is not very large since 
it corresponds to a fluctuation of 4.5 8, around the average position. 
As this is the first application of distance distribution analysis 
to polyelectrolyte solutions, we have checked the validity of the 
damping factor. The functions P(r) have been calculated for some 
possible extrapolated scattering curves. In the high q range, 
polymer chains in the solution may be regarded as rods or spheres 
(blobs in a scaling conceptB) in two extreme cases. The scattering 
functions in the high q range for a rod and a sphere are pro- 
portional to q-' and q-4 (Porod's rule), The 
scattering functions for intermediate conformations may therefore 
be assumed proportional to q-" (1 5 n I 4). We calculated P(r)'s 
for the scattering curves extrapolated according to the q-" law 
with n = 1, 2, 3, and 4. In the practical calculations i (q )  was 
extrapolated to q = 8.29 A-1, where the intensity was negligibly 
small. As an example, the results for PVSK are shown in Figure 
1. Curves a-d correspond to the cases with n = 1-4 and curve 
e is the result calculated by using the damped intensity function 
eq 5. As seen from the figure, the obtained functions P(r)  agree 
well with one another. This shows that the different extrapolations 
hardly affect the calculated results. Small ripples in cases c and 
d are, however, due to the nonsmooth connections when the 
scattering curves are extrapolated. This shows that one cannot 
extrapolate i ( q )  according to the q-3 or q-4 law. Extrapolations 
according to q-' and q-2 law give almost the same results, which 
agree well with that from the damped scattering curve e except 
for a slight difference of intensity for the first peaks in P(r) .  The 
slightly lower intensity for (e) comes from the damping factor used 
since the factor lowers the scattering intensity more intensely in 
the higher q range. It should therefore be noticed that when the 
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Figure 1. Distance distribution functions for a semidilute solution 
of potassium salt of poly(viny1 hydrogen sulfate). Curves a, b, 
c, and d are resulb for the scattering curves extrapolated according 
to q-" law with n = 1,2 ,3 ,  and 4, respectively. Curve e is a result 
for the damped scattering curve. 
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Figure 2. Observed small-angle X-ray scattering (SAXS) curves 
of semidilute solutions of poly(viny1 hydrogen sulfate) (PVSH) 
and its lithium, sodium, and potassium salts (PVSLi, PVSNa, 
PVSK). Concentration is 0.2 monomer mol/L in every case, 
average degree of polymerization p = 1500, and degree of es- 
terification CY = 96.1%. PVSH (O), PVSLi (+), PVSNa (A), PVSK 
(o), water (0). 

scattering curve was damped, the calculated intensity of P(r) is 
underestimated more for shorter distances though the amount 
is small. From this point of view the P(r) function calculated from 
the q-' or q-2 extrapolation is closer to the true one. Moreover, 
the q-' law is supported from the scaling law.3 However, in this 
study we use eq 5 since we do not know whether the q-' law is 
exactly valid in every case. For an example, the tail of the 
small-angle scattering curve is often affected by wide-angle 
scatterings2' as will be shown later. The damping factor reduces 
such an effect. 

3. Results 
Figure 2 shows the observed SAXS curves of semidilute 

aqueous solutions of poly(viny1 hydrogen sulfate) (PVSH) 
and i t s  metallic salts after correcting for absorption. Li, 
Na, and K salts are designated b y  PVSLi,  PVSNa ,  and 
PVSK, respectively. The lowest curve is the scattering of 
pure water. It is seen that each curve for the solutions 
exhibits a broad peak at qm = 0.055-0.065 kl. The 
scattering curves which were desmeared after subtraction 
of the scattering of pure water are shown in Figure 3. The 
peaks become sharper and the maximum positions shift  
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Figure 3. Corrected SAXS curve8 of Figure 2. PVSH (O) ,  PVSLi 
(+), PVSNa (A), PVSK (0). 
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Figure 4. Distance distribution functions of semidilute solutions 
of poly(viny1 hydrogen sulfate) and its metallic salts. (a) PVSH, 
(b) PVSLi, (c) PVSNa, (d) PVSK. 

slightly (by ca. 0.005 A-l) in the direction of higher q in 
all cases. The scattering of PVSH corresponds to that of 
polyions without counterions since protons H+ do not 
contribute to the scattering. The effect of the kind of 
counterions on the scattering is evident in Figure 3. The 
peak intensity greatly increases with the number of elec- 
trons in the counterion: 2, 10, and 18 for Li+, Na+, and 
K+. It  is also noticed that the peak positions are different 
depending on the kinds of counterions, though the dif- 
ference is very small, e.g., 0.005 A-l. 

The distance distribution function P(r), which is defined 
by eq 2, has been calculated for PVSH and its metallic 
salts. The results are shown in Figure 4. The line P(r) 
= 0 corresponds to the average distance distribution 
density over the total solution system. As seen from the 
figure, all P(r) functions have two peaks in the range 0-300 
A; the first peak is considered to be related to intraseg- 
mental correlation. The maximum position of this peak, 
however, does not mean any characteristic correlation 
length since P(r) is deformed due to a factor of 4rr2 from 

Table I 
Some Characteristic Parameters of Semidilute Solutions of 

Poly(viny1 hydrogen sulfate) (PVSH) and Its Lithium, 
Sodium, and Potassium Salts (PVSLi, PVSNa, and PVSK)" 

(ad / ( AP) hSHd 
from 

slope of 
uolvelectrolvte .PIA mC/A from Y(O) ea 8 

PVSH 88 5.1 f 0.3 1.00 1.00 
PVSLi 90 5.2 f 0.3 1 .oo 1.02 
PVSNa 100 5.9 f 0.4 1.30 1.45 
PVSK 101 6.1 f 0.4 1.57 1.67 

"The concentration is 0.2 monomer mol/L in every case, the 
average degree of polymerization p = 1500, and the degree of es- 
terification a = 96.1%. Intersegmental correlation length. Esti- 
mation error is less than 1%. cRadius of polyion cross section. 

the correlation function y ( r )  which has its maximum in- 
tensity at r = 0. The second peak is related to interseg- 
mental correlation since a deep correlation hole is seen 
between the first and second peaks. I t  is noticed here that 
no further peak can be observed in addition to the two 
peaks cited about. This suggests that only the nearest- 
neighbor intersegmental correlation exists in the semidilute 
solution of salt-free polyelectrolyte. 

To discuss correlation lengths quantitatively, y ( r )  has 
been calculated from P(r )  because the peak positions in 
P(r)  do not give correct correlation lengths owing to a 
weighting factor of 47rr2. Although the calculated curves 
are not shown here, two correlation peaks corresponding 
to those in P(r)  are also seen in y(r). The peak intensity 
of intrasegmental correlation at r = 0 is more than 100 
times higher than that due to intersegmental correlation. 
Intersegmental correlation lengths, which here mean dis- 
tances corresponding to the maximum intensity of inter- 
segmental correlation, are summarized in Table I. The 
y(r)  function of PVSH represents the correlation regarding 
pure polyion without counterions; its intersegmental cor- 
relation length is 88 A. The effect of the type of counterion 
was examined next. In the case of Li+ the intensity of the 
first intrasegmental peak becomes a little stronger as is 
also shown from P(r) (Figure 4b), and the second inter- 
segmental peak position increases slightly to 90 A. The 
weak effect comes from the fact that Li+ has only two 
electrons. In the cases of Na+ and K+, however, the cor- 
relation intensity of difference electrons increases re- 
markably in both the first and second correlation peaks 
and the maximum position of the second peak shifts to 
100-101 A. The increase in intensity of the intra- and 
intersegmental correlation peaks is direct evidence that 
a considerable amount of counterions is condensed on the 
polyions. The remaining counterions are considered to be 
distributed homogeneously in the solution. If they were 
localized somewhere, e.g., between polyion segments, a 
corresponding correlation peak would be observed between 
the first and second peaks in y ( r )  or P(r ) .  However, no 
such peak is observed as seen from Figure 4c,d. 
4. Discussion 

As described in the Introduction, every scattering curve 
S ( q )  observed in the present study (Figure 3) fits the 
scaling relations3 S ( q )  - q for q < qm and S ( q )  - q-l for 
q >> qm. The latter relation is, however, valid only for 0.2 
< q1A-I < 0.35 as will be shown later; departures for q > 
0.35 A-1 may be due to the superposition of the tail of 
wide-angle ~ c a t t e r i n g . ~ ~  We do not discuss the scaling 
relations here in any further detail. 

One of the most interesting problems is the structure 
of a semidilute salt-free polyelectrolyte solution. The 

Ratio of square excess density. 
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distance distribution function P(r )  analyzed in this work 
showed only one single intersegmental correlation peak. 
This strongly supports the isotropic model proposed by 
de Gennes4 because in this model nearest-neighbor cor- 
relations are presumed predominant. The single inter- 
segmental peak also shows that the lattice model is in- 
correct, since if the model is right, several strong inter- 
segmental correlation peaks at distances corresponding to 
near integral multiples of a lattice translation would be 
seen in the function P(r).  Further, the function P ( r )  
consists of intra- and intersegmental components Pl(r) and 
P2(r) and subtraction of Pl(r) from P(r) gives Pz(r), which 
we discuss qualitatively below. As has already been 
pointed out, the first and second peaks in P ( r )  are mainly 
related to intra- and intersegmental correlations, respec- 
tively. If we assume that the first peak is solely Pl(r)  as 
a first approximation, we can calculate P2(r). Judging from 
the fact that a large negative minimum exists between the 
first and the second peaks in P ( r ) ,  we may consider that 
P2(r) has a deep negative hole in the distance range 0 to 
70 or 80 A. This shows that the intersegmental interaction 
is repulsive, which agrees with the result of small-angle 
neutron scattering by Williams et al.' One more important 
point to be noted is that no peak is present at about half 
of the intersegmental correlation distance (40-50 A). This 
means that uncondensed counterions are not localized 
between correlating segments; they are probably distrib- 
uted homogeneously in the solution. This again does not 
agree with the lattice model since the model is often sta- 
bilized by localizing counterions in the middle position 
between parallel segments.'O 

A further problem is counterion condensation. Ac- 
cording to the condensation theory,14J5 more than 65% of 
the total counterions are expected to condense on the 
polyion in the present system because the ratio of elec- 
trostatic to kinetic energy for PVSH is about 3. Such an 
expectation is qualitatively confirmed in the present ex- 
periment. It is presumed that the effect of counterion 
condensation on the polyion appears directly in the in- 
tensity at r = 0 of the correlation function y ( r ) ;  the in- 
tensity will increase with the increasing number of elec- 
trons of the counterion. The function y ( r )  is easily cal- 
culated from eq 2 on an arbitrary scale, and the ratio of 
y(O), for various counterions, to that of PVSH is listed in 
Table I. The function ~ ( 0 )  increases with the increasing 
number of electrons on the counterion, which supports the 
concept of counterion condensation. At the present stage, 
however, quantitative estimation of the number of con- 
densed counterions is difficult since absolute scattering 
intensity measurements are necessary. One more conse- 
quence of counterion condensation is the increase of the 
cross section of a polyion. To confirm this, the radii of 
cross section for the pure and the counterion condensed 
polyions have been determined. 

In a dilute system of rods with diameter 2r0, length 1 and 
an excess electron density Ap, the intensity function is 
approximately given by 

So(q) = k (AP)' exp(-qZro2 /4) /q1 (6) 

for 21-' << q < r0-' where k is a constant.28 In a concen- 
trated system, however, eq 6 is no longer valid because of 
interparticle interference, so that ro cannot be obtained 
directly from this equation. According to the scaling 
concept, the intensity function for a concentrated system 
is described by 
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Figure 5. Plot of q exp(-ro2q2/4)/S(q) vs. q2 for semidilute 
solutions of poly(viny1 hydrogen sulfate) and its metallic salts. 
PVSH (a), PVSLi (+), PVSNa (A), PVSK (0). 

where 5 is the average distance between neighboring chains. 
Using this equation, we remove the interparticle inter- 
ferences roughly and estimate a more accurate radius of 
cross section than that obtained without using eq 7.  
Combining eq 6 and 7, we obtain for 2b-' << q C r0-' 

where b is the persistence length. The plot of q exp- 
( - r :q2/4) /S(q)  vs. q2 will give a straight line within the 
above q range when ro has been the correct value. Such 
plots for PVSH, PVSLi, PVSNa, and PVSK are shown in 
Figure 5. In all cases the observed values fit closely to 
a straight line going through the origin within a q range 
of 0.08-0.4 A-1. Because of large E ,  it is reasonable that 
the intercept of the straight line is negligibly small in the 
scale of Figure 5. Departures from the linearity in the high 
q range may be due to the superposition of the tail of 
wide-angle ~cattering.~' The most suitable values of ro and 
the excess densities of the solutions calculated from the 
slope of the straight line in Figure 5 are also listed in Table 
I. As was presumed, the radius of cross section of the 
polyion increases with the number of electrons on the 
counterion. The difference of ro between PVSH and 
PVSK is about 1 A, which is comparable to the radius of 
the counterion K+ (1.35 A).29 This is strong support for 
a considerable amount of counterions being condensed on 
the polyion. Further, the increase of excess density with 
increasing counterion size also favors the above concept. 

In conclusion we discuss the dependence of the inter- 
segmental correlation distance on the kind of counterion, 
e.g., 88 and 101 A for PVSH and PVSK, respectively. One 
possible explanation is an inhomogeneous counterion 
condensation. As was already described, in the polyelec- 
trolyte solutions under discussion only nearest-neighbor 
correlations among intersegments exist. Therefore, the 
intersegmental correlation distance is affected by the 
counterion distribution about the polyion chain axis. If 
the condensed counterions are localized more on the outer 
sides of a pair of nearest-neighbor segments, the observed 
result may be explained since the larger counterions con- 
tribute more strongly to the correlations and increase the 
correlation distance. This is possible because between the 
segments electrostatic repulsive forces interact arising from 
unsaturated negative charges on the polyion. Such re- 
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pulsive forces make the anion side groups orient more 
strongly to the outer sides and increase the charge density 
of the outer side. The larger charge density then condenses 
more counterions. If the segments are extended, anionic 
side groups of poly(viny1 hydrogen sulfate) orient to one 
side of the plane perpendicular to the planar zigzag plane 
of the carbon skeleton. In such a case it is energetically 
more stable that the anionic side groups orient to the 
opposite sides. Such a tendency may occur in practice. 
The above discussion does not contradict the increase of 
polyion cross section. The difference of the intersegmental 
correlation distances can be roughly estimated from the 
radii of cross section of polyions. For example the dif- 
ference between PVSH and PVSK is calculated to be 
about 12-14 A, which agrees with the observed value of 
13 A. 

The possibility that the intersegmental correlation 
distance increases with increasing radius of cross section 
of a homogeneous polyion cylinder may be excluded, al- 
though we have not confirmed this by calculating corre- 
lation functions y(r) .  The y(r) function consists of intra- 
and intersegmental components; the former component 
decreases monotonically from the maximum intensity at 
r = 0 to zero with increasing r. On the other hand, the 
latter component increases from zero to a maximum in- 
tensity and then goes through a shallow minimum to ap- 
proach the average intensity of the system. With in- 
creasing size of cross section of the cylinder, intra- and 
intersegmental peaks in y ( r )  become broader in width but 
the peak positions do not change. If the tail of the in- 
tersegmental correlation peak is superposed on the in- 
tersegmental peak, the latter peak position should shift 
to a shorter distance because the tail of the intrasegmental 
curve has a negative slope. However, the observed results 
are the opposite. 
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